Ultra-dense broadband optical frequency combs with sub-MHz frequency spacing and stabilized carrier-envelope offset (CEO) are needed for many important applications, including high-accuracy real-time sub-Doppler spectroscopy, precise characterization of photonic devices, and greenhouse gas sounding. However, the generation of such combs remains very challenging because they require mode-locked lasers with impractically long cavities (>few hundred meters). Here we demonstrate a CEO-stabilized optical frequency comb with a programmable sub-MHz frequency spacing, obtained through simple, suitable temporal phase modulation of a 250-MHz input comb. The method preserves the energy, the bandwidth, and the CEO-stabilization of the input comb, achieving a combined (CEO and repetition-rate) integrated phase noise below π/10, and a frequency spacing down to 250 kHz over a 5-dB bandwidth of 10 THz, i.e., corresponding to a record high 1000-fold frequency spacing reduction and more than 40 000 000 comb lines. The demonstrated method bridges the gap between presently available high-quality optical frequency combs and a host of demanding and important applications that require CEO-stabilized broadband frequency combs with sub-MHz spacings.
Introduction
Optical frequency combs (OFCs) have revolutionized the fields of optical metrology and optical sensing [1] . The stabilization of the carrier-envelope offset (CEO) in OFCs achieved over two decades ago made it possible to know the exact frequency of a given comb tooth with a microwave-level accuracy [2] . This opened the path to many advanced applications, such as frequency metrology [3] - [5] , high-resolution time-resolved spectroscopy [6] - [8] , and the control of atomic-scale electron dynamics [9] , [10] . OFCs are mainly generated using mode-locked lasers (MLLs), which can routinely provide broadband OFCs with frequency spacings -the free spectral range (FSR) -ranging from a few tens of MHz to a few tens of GHz [11] , [12] . However, the generation of CEO-stabilized broadband OFCs with sub-MHz FSRs remains a significant challenge as this requires the use of impractically long laser cavities (e.g., ∼150 m for an FSR = 1 MHz).
This limitation prevents current OFCs from reaching their full potential in several important applications, in particular those related to ultra-high-resolution spectroscopy. In these applications, each line of the comb is utilized as an individual spectral sampling point, and as a result, all the spectral features within a broad frequency spectrum can be recorded simultaneously allowing for simple and fast measurement [13] , [14] . When the comb's CEO is stabilized, frequency resolutions of a few kHz can be reached, exceeding the accuracy of conventional spectroscopy methods by many orders of magnitude [15] . However, for fast (eventually, single-shot) measurements, the frequency resolution is directly dictated by the comb's FSR. Hence, available broadband CEO-stabilized combs have FSRs that are far too large to interrogate spectral features narrower than a few MHz, such as those found in electromagnetically-induced resonances [16] , and hyperfine transitions [17] , [18] . An accurate characterization of these features would require many comb lines to fit within each feature, thus calling for comb FSRs in the sub-MHz range or below. Therefore, the availability of CEO-stabilized ultra-dense OFCs would open the path to many important applications that require fast and simultaneous interrogation of broad spectra (>1 THz) with sub-MHz resolution and ultra-high frequency accuracy. Examples of such applications include: the precise characterization of a wide range of photonic devices [19] , [20] , greenhouse gas sounding [21] , [22] , detection of terrestrial-mass planets around M-dwarfs [23] , low pressure molecular gas spectroscopy [24] , [25] , and even the redefinition of the second [26] , [27] .
To address the lack of ultra-dense OFCs, different solutions have been proposed, most prominently electro-optic OFC generation [7] , [16] , [17] , FSR reduction using pulse-picking [24] , and pseudo-random binary phase modulation [28] . Most of these methods allow for FSR reduction, down to the sub-MHz regime [7] , [16] , [17] , [28] . However, pulse picking is inherently very lossy, as it implies the deliberate discarding of a large portion of the original comb energy. Narrowspacing OFCs generated by direct electro-optic methods exhibit very limited bandwidths, typically lower than a few tens of GHz [7] , [17] , [29] , orders of magnitude below that of conventional MLLgenerated OFCs. Besides, approaches based on pseudo-random binary phase modulation are limited by the choice of FSR division factors and the random phases may not be known a priori. Most importantly, to our knowledge, previous works on OFC generation with sub-MHz FSRs, rarely address the critical issue of CEO stability, despite its crucial importance for many practical applications.
In this work, we use Spectral Talbot Self-Imaging (SSI) [30] , [31] to generate a programmable, ultra-dense (250-kHz), and CEO-stabilized optical frequency comb through FSR division (by up to 3 orders of magnitude) of a commercial 250-MHz CEO-stabilized comb. The demonstrated method is induced by a simple, suitably designed temporal phase modulation of the original OFC, inherently preserving the comb's initial frequency bandwidth and energy. The latter is merely redistributed into the target ultra-dense comb, except for practical insertion losses of the modulator. Moreover, the method allows for an independent electronic tuning of the FSR division factor. We experimentally demonstrate odd and even division factors, ranging from 2 to a record high of 1000. Since SSI rearranges the structure of the input frequency comb, a key question remains to be sorted out: what effect does this rearrangement have on the CEO-frequency and its stabilization? For the first time, we demonstrate here that SSI keeps the CEO frequency unaltered and preserves very nearly the phase noise characteristics of the input comb. This is evidenced by experimental measurements that show a very low added phase noise, below π/10 (integrated value), which corresponds to a phase fluctuation of less than 5% root mean square (RMS). Based on this finding, this work shows a simple, yet very powerful, method to generate broadband ultra-dense CEO-stabilized OFCs with programmable FSR, down to the kHz range, beyond the performance capabilities of current mode-locked lasers. 
Materials and Methods
The circuit schematic of the experimental setup for ultra-dense CEO-stabilized comb generation is illustrated in Fig. 1 . Based on a commercial CEO-stabilized OFC, the comb FSR is divided using a programmable temporal phase modulation scheme, shown in Fig. 1(a) , while the output OFC and its CEO stability is characterized using optical heterodyne detection, as depicted in Fig. 1 (b).
FSR Division by Spectral Self-Imaging
SSI is induced on a phase-coherent OFC through modulation of the corresponding temporal pulse train with a periodic phase sequence defined by the theory of the Talbot effect, as follows [32] - [37] :
where φ n is the phase level to be applied to the nth pulse of the incoming periodic temporal pulse train, and s and m are two mutually-prime natural numbers. This results in an OFC with the same overall energy and identical features (self-imaged spectral envelope and bandwidth) to those of the input one, but with an FSR that is divided by the integer number m. In this design, s is a free parameter to be fixed at the designer's convenience. Our experimental setup for SSI-driven FSR division is shown in Fig. 1(a) . The input OFC is generated using a commercial mode-locked fiber laser (Menlo-UL250), with an FSR f (1) rep = 250 MHz over a spectral bandwidth of ∼ 10 THz (measured at 5 dB from the maximum spectral intensity). This MLL has a stabilized CEO frequency, f CE O , achieved through the standard f − 2f CEO-stabilization approach [2] , [38] . The evolution of f CE O in time and its Allan deviation are shown in Fig. 6 of the Appendix (Section 6.1) at the end of this paper. The SSI stage consists of a temporal phase modulator (EOSpace, 10 GHz bandwidth) preceded by a variable delay line and a polarization controller, used to align the modulation function to the optical signal and to maximize the modulation efficiency. The modulator is driven by an arbitrary waveform generator (AWG, Tektronix AWG7122C, 7.5 GHz bandwidth), which allows us to program the appropriate Talbot phase sequence, according to Eq. (1). The above FSR division process enables the generation of a new comb as shown in Fig. 1(a) , where the output frequency spacing is f
Optical Heterodyne Detection for Comb Characterization
For a more thorough characterization of the generated OFC, we used a conventional heterodyne detection scheme. For this, the generated FSR-divided OFC was mixed with the original comb [39] , [40] and the resulting photodetected beat signal was recorded with a real-time oscilloscope (see Fig. 1(b) ). This comb heterodyne scheme is equivalent to a dual comb spectroscopy detection setup in the particular case where the FSR of one of the mixing OFC signals is an integer multiple of the other OFC [5] , [36] , [37] . To implement the heterodyning process, we used a 50:50 fiber coupler to divide the laser output into two identical branches. The comb in the first branch undergoes FSR division through the SSI process. In the second branch, the comb is kept unchanged; only adding a tunable delay line and a polarization controller to optimize the power of the beatnote, i.e., to ensure that the individual pulses in the two branches are synchronized and have the same polarization (note that if a polarization maintaining fiber is used, the polarization controller is not needed). Next, the two branches are mixed using another fiber-based directional coupler as a combiner, followed by a 50-GHz photodetector (Finisar XPDV) that converts the optical beat into an RF signal.
The RF spectrum of the recorded beat signal provides precise information on several features of the generated FSR-divided comb, most importantly (i) its output frequency spacing f
rep /m, (ii) any detuning of the CEO frequency with respect to the input one δf CE O , and (iii) potential excess phase noise of the CEO and the repetition rate added by the FSR division process, f excess CE O and f excess rep , respectively. To demonstrate this, we write down the expression of the beatnote spectrum as follows:
This equation represents the RF spectrum in the general case of a beating between two optical frequencies: the M th line of Comb 1 and the N th line of Comb 2, ν (1) M and ν (2) N respectively. Note that in deriving Eq. (2), we have considered that the Comb 2 is generated by dividing the FSR of Comb 1 m-fold, i.e., f
rep /m. The detailed analytical calculations to obtain Eq. (2) are summarized in the Appendix (Section 6.2) at the end of this paper. Equation 2 implies that the beat signal spectrum is composed by a periodic set of spectral lines spaced by the divided FSR f (1) rep /m. In particular, all the lines ν (2) N and ν (1) M from Comb 2 (output) and Comb 1 (input) satisfying the condition N = k + mM contribute to the power of the kth harmonic of the resulting beat signal at the divided FSR frequency. The equation also shows that any shift in the CEO frequency of the input comb, δf CE O , induced by the FSR division process will be visible in the beat signal spectrum because this would correspondingly detune the frequency of each of the resulting beatnotes. Most importantly, the spectrum of the phase noise (of the FSR and CEO) added by the FSR division method can be directly inferred from the analysis of anyone of these beatnotes. In particular, those close to DC (the 1 st or 2 nd harmonics) can be easily analyzed using relatively low speed detectors and digital signal processing, as shown in the next section.
Phase Noise Spectrum Calculation Using Digital Beatnote Demodulation
The beatnotes generated by the optical heterodyne setup ( Fig. 1(b) ) contain all the information about the variation of the laser field in time, including its phase. The digital beatnote demodulation method provides a direct access to this instantaneous phase profile without the need for a complex frequency discrimination setup, which also typically requires shielding from the environmental noise and a precise calibration. Briefly, to obtain the phase profile of the laser field, the beatnote's electrical signal b(t) generated by the photodetector is first acquired, in a single shot, by the digital sampler of the realtime oscilloscope (Agilent DSO-X 92804A, with an analog bandwidth of 28-GHz and a maximum sampling rate of 80 Gs/s). Next, we apply the Hilbert transform H[·] to the beatnote signal to construct the so-called analytic signal b a (t) associated with the recorded real-valued signal, b(t) [41] :
where i is the imaginary unit. The instantaneous phase is then extracted using the well-known properties of complex numbers as follows:
. This phase can be written as the sum of an average phase ϕ 0 and a fluctuating phaseφ(t). Finally, the power spectral density (PSD) of the phase noise PSD ϕ is obtained by calculating the Fourier transform of the auto-correlation of the fluctuating phase [41] .
Experimental Results
The experimental results of ultra-dense OFC generation and CEO-stability characterization are reported in this section. Different FSR division factors are implemented, and their corresponding optical spectra (from direct detection in Fig. 1(a) ) and RF spectra (from heterodyne detection in Fig. 1(b) ) are presented. The key features of CEO stabilization, spectral shape and bandwidth are then investigated by comparing the input and output combs, which elucidate the feasibility of our approach for sub-MHz comb generation without altering the CEO-stabilization and bandwidth of the original frequency comb.
Sub-MHz FSR
Experimentally, we derived the phase sequences φ n from Eq. (1) for different FSR division factors, in particular m = 2, 5, 10, 50, 250, 500, and 1000. The parameter s can be arbitrarily chosen as long as it is co-prime to m, which enables the possibility of using various different forms of the modulation phase sequences. In this work, we use s = 1 for simplicity, but it should be noted that other choices of s will also lead to similar successful FSR division operations. Fig. 2(a) shows the modulation phase sequence φ n generated by the AWG for the cases with m = 2, 5, 250, and 1000. The resulting output signals after temporal phase modulation are shown in Figs. 2(b) and 2(c). In Fig. 2(b) , the measured optical spectra of the first 3 generated OFCs exhibit the predicted decrease of the frequency spacings by factors of 2, 5, and 10, respectively, with respect to the input optical spectra obtained when the temporal phase modulation is not applied (PM OFF). Since this technique involves phase-only temporal modulation, conservation of energy ensures that the total signal power remains unchanged. Thus, the power of each output comb line is reduced accordingly as compared to that of the input. The spectra shown in Fig. 2(b) were measured using a high resolution (5 MHz) optical spectrum analyzer (OSA) (Apex, AP2440A). While this measurement is straightforward, OFCs generated by higher division factors (i.e., for m > 10) cannot be resolved through this method.
To overcome this, we used the optical heterodyne method described in Sections 2.2 and 2.3. Fig. 2(c) shows the RF spectrum measured at the output of the photodiode in Fig. 1(b) for different FSR division factors of 2, 5, 250, and 1000. It is found that the measured beatnotes match exactly f (1) rep /m (the input FSR reduced m − fold) without any observable detuning, which indicates that the CEO frequency remains unchanged (within a 50-Hz uncertainty of the measurement, limited by the oscilloscope memory), regardless of the FSR division factor, m. In sum, the experimental beatnote RF spectra (Fig. 2(c) ) show successful generation of ultra-dense OFCs with an FSR as low as 250 kHz starting from 250 MHz, achieving a record high FSR reduction of 3 orders of magnitude, while keeping the CEO frequency unchanged.
On the other hand, the fluctuations of the output comb CEO add up to the FSR's fluctuations to form the comb's phase noise in excess with respect to the input comb. To characterize this noise, we calculated its PSD using the digital beatnote demodulation method described above (Section 2.3), results discussed in the following section. Fig. 3(a) shows the obtained phase noise PSD for m = 2 and m = 1000, as compared with the reference level measured without phase modulation (PM OFF). These measurements demonstrate that there is nearly no added noise for small division factors, as is shown by the PSD curves for m = 2 and PM OFF. The phase noise generally increases as the division factor m is further increased (not shown here). For m = 1000, the excess phase noise is typically 15 dB higher than the reference level, with an integrated value (right-axis) that keeps under π/10 (i.e., <5% root mean square (RMS) fluctuations) over the whole measurement bandwidth. It should be noted that the Fig. 4 . Full width spectra of some of the generated ultra-dense OFCs (with the FSR division factor m increasing from 2 to 1000). The initial OFC spectrum (PM OFF) is shown for reference. The two inset figures zoom into two regions spaced at 80 THz (∼70 nm) in the spectrum obtained with m = 2. Note that because of the limited resolution of the OSA (20 MHz), the levels of all the measured spectra look identical. This is due to the fact that for each measurement point, the OSA integrates the power of all adjacent unresolved frequency points. measured excess phase noise always keeps below the β-separation line [42] (dashed dotted line in Fig. 3(a) ). We recall that this threshold separates the spectrum into two regions: phase noise above the β-separation line will have a strong impact on the width of the comb teeth and its stability, whereas phase noise under this line will mainly contribute to the wings of the spectrum without any significant impact on stability [42] - [44] . This means that the phase noise added by the FSR division process is too weak to affect the stability of the comb or the linewidth of its teeth. Such a low noise performance is observed for all tested values of m (up to 1000), as shown in Fig. 3(b) , which summarizes the results on the measured integrated phase noise for the different evaluated FSR division factors.
CEO-Stabilization

Spectral Shape and Bandwidth
Another key feature of SSI-based FSR control is that the generated ultra-dense OFCs preserve the original spectral shape (including bandwidth) of the input comb. For example, all the output OFCs reported here feature a broad bandwidth of ∼10 THz measured at 5 dB from the spectrum peak. This implies that for the case of m = 1000, the generated comb comprises more than 40 000 000 spectral lines within this 5-dB bandwidth. Fig. 6 shows the measured full-width spectra of some of the generated ultra-dense OFCs. The initial OFC spectrum is also shown for reference. The two inset figures zoom into two regions spaced at 9 THz (70 nm), for the case m = 2, to show the individual spectral lines. The generated comb envelopes remain unchanged for all values of m, whereas the FSR of the resulting comb is divided by the factor m, as induced by the SSI effect.
Discussions
The increase of the phase noise with m is attributed to imperfections in the temporal phase modulation signal. Achieving higher FSR division factors requires modulation signals with an increased resolution in the voltage level as the number of modulation phase levels scales up with m. However, this resolution is kept constant in our experiments as it is defined by the AWG's bandwidth and bit depth. Therefore, the experimental modulation signal deviates more strongly from the ideal one as the FSR division factor m is increased. This effect could be mitigated by using an AWG with a broader bandwidth and/or a larger bit depth. Nevertheless, the low phase noise levels measured in our experiment, including for m = 1000, show that the practical modulation imperfections have a very weak effect on the phase noise of the generated OFC: for instance, the integrated phase noise increased less than 8-fold when the division factor m increased 500-fold, from 2 to 1000.
These experimental results agree well with our numerical simulations summarized in Fig. 5 , which show that practical modulation imperfections (intensity noise in the modulation signal and limited modulation bandwidth) introduce line-to-line intensity (i.e., envelope) fluctuations in the generated OFCs, but without affecting the FSR and the CEO frequency of the output comb. To perform these simulations, we assumed an OFC formed by a periodic train of 1000 Gaussian pulses with a time-domain repetition period T0 = 0.1 ns, corresponding to an FSR f rep = 10 GHz, a carrier frequency f c = 300 × f rep , and a carrier-envelope-offset f CE O = f rep × 3/100. We used a total number of samples of 10 5 , which gives a frequency resolution of f rep /1000.
The temporal modulation waveform is expected to exhibit both intensity noise and a limited frequency bandwidth; this is mainly imposed by the equipment employed for waveform generation, such as the electronic AWG used in our experiments. To model these two effects, we used a numerical low pass filter to limit the bandwidth of the modulation signal, and subsequently, we added white intensity noise on top of the filtered modulation. We set the modulation signal bandwidth to 8 × f rep and simulated the output combs obtained for m = 10 with signal-to-noise ratios (SNRs) equal to 20 dB and 1 dB, respectively. The resulting output OFCs are shown on Fig. 5 (b1, b2) respectively, and the corresponding modulation signals on Fig. 5(a1, a2) . These results show that the expected FSR division process is successfully achieved in all cases; additionally, it is also observed that the CEO frequency value, f CE O , remains unchanged irrespective of the SNR of the temporal phase modulation profile.
Afterward, we repeated the simulations by setting the SNR = 40 dB and varying the modulation bandwidth to 6×f rep and 2 × f rep . The modulation signals and corresponding output OFCs are shown in Fig. 5 (a3-a4) and (b3-b4), respectively. The obtained OFCs exhibit again the expected divided FSR, with no observable variation in the CEO frequency value. Nonetheless, these results show that the output frequency comb is more sensitive to the modulation bandwidth limitation: a constraint in the modulation bandwidth of 2 × f rep induces about 40% line-to-line intensity fluctuations in the output OFC.
Both the intensity noise and the limited bandwidth induce fluctuations in the phase level of the modulation signal as compared to the ideal case. The different behaviors on the output OFCs can be explained by the intrinsic noise-mitigation capabilities of the SSI effect [35] , [37] , [45] - [47] . Recall that in SSI, all the input pulses spaced by m/f rep are ideally modified by the same phase modulation level as determined by Eq. (1). Thus, in the case of intensity noise, the impact of random fluctuations of this level is ultimately averaged out across all these pulses. In contrast, the limitation in the modulation bandwidth translates into periodic and deterministic fluctuations in the applied phase levels, which cannot be mitigated by the SSI effect itself. Owing to this periodicity, the fluctuations change the structure of the output OFC by causing strong line-to-line fluctuations along its frequency spectrum, as shown in Fig. 5 (b4) . However, similarly to the case of added white noise, in all the conducted simulations, the CEO frequency value remained unchanged, regardless of the modulation bandwidth. This demonstrates further the robustness of the proposed method, in regards to CEO stabilization and the induced FSR division process, against practical imperfections in the temporal modulation signal.
Conclusion
We have shown that spectral self-imaging allows for the generation of low noise, CEO-stabilized, and broadband ultra-dense OFCs with programmable FSR, spanning 3 orders of magnitude, from 250 MHz to 250 kHz, in the reported experiments. The presented method is robust against modulation imperfections and preserves the energy, the bandwidth, and the CEO-stabilization of the input comb. The required process, just involving a suitable temporal phase modulation stage, is very simple and independent of the specifications (e.g., cavity dimensions) of the original OFC laser technology. Furthermore, the modulation speed is determined only by the input FSR and does not increase with the division factor, a highly convenient feat given the wide availability of MHz-range electronic equipment. As such, SSI is readily accessible for application on any available OFC generation platform, for example, conventional CEO-stabilized mode-locked lasers (such as in the demonstration shown here) or integrated semiconductor OFCs [48] , [49] , offering the possibility of adapting the comb's FSR to far below the present capabilities of these technologies. This would enable for comb generation to fulfill the specifications of a host of demanding applications in different fields, including real-time spectroscopy with very high resolution and frequency accuracy. and ν (2) N correspond to the M th line of Comb 1 and the N th line of Comb 2, respectively, and they can be expressed as:
where f rep (t) and f CE O (t) represent the repetition rate noise and the f CE O noise, respectively. They are modelled as Gaussian noise sources (N (μ, σ 2 )) that satisfy the usual zero-mean and delta-correlated properties:
where σ 2 rep (i ), σ 2 CE O (i ) are the variances of the Gaussian noise sources f CE O (t), respectively. In our case, Comb 2 (output) is obtained by transforming Comb 1 (input), so we can write:
Therefore, the noise sources in ν
N can be split into two parts: (i) Noise sources (of the FSR and the CEO, i.e., f rep and f CE O ) that are initially present in Comb 1 and transferred to Comb 2, which are referred to as f (2) rep (t) and f (2) CE O (t), respectively. When the two arms of the heterodyne setup are shorter than the OFC's coherence length, as in our experiments, these sources correlate strongly with their counterparts in ν 
All the noise terms in Eq. A6 possess a normal distribution characterized by their respective variances. Let us focus on f (21) rep (t) and f (21) CE O (t), characterized by their variances σ 2 r and σ 2 c as follows f (21) 
where σ(p , q) is the covariance term. Eq. A7 implies that the noise sources initially present in the input OFC (i.e., f
rep,CE O (t) and f (2) rep,CE O (t)) cancel out in the heterodyne product. This can be demonstrated by writing the covariance in terms of the correlation σ (p,q) = ρ(p,q)σ(p )σ(q). For example, when f (1) rep (t) correlates with f (2) rep (t), σ 2 rep (1) = σ 2 rep (2) and ρ (2, 1) = 1, which leads to σ 2 r = 0. As a result, both f (21) rep (t) and f (21) CE O (t) vanish and only the potential excess noise that may result from the FSR division process remains. Hence, the heterodyne product can be written as follows 
